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Abstract
We prove that a gradient shrinking Ricci soliton with fourth or-
der divergence-free Riemannian tensor is rigid. For the 4-dimensional
case, we show that any gradient shrinking Ricci soliton with fourth
order divergence-free Riemannian tensor is either Einstein, or a finite
quotient of the Gaussian shrinking soliton R4, R2 × S2 or the round
cylinder R × S3. Under the condition of fourth order divergence-free
Weyl tensor, we have the same results.
Keywords: Rigidity; Gradient shrinking Ricci soliton; Riemannian
curvature; Weyl tensor.
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1 Introduction
A complete Riemannian manifold (Mn, g, f) is called a gradient Ricci
soliton if there exists a smooth function f on Mn such that the Ricci tensor
Ric of the metric g satisfies the equation
Ric+∇2f = λg (1.1)
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for some constant λ. For λ > 0 the Ricci soliton is shrinking, for λ = 0 it is
steady and for λ < 0 expanding.
The classification of gradient Ricci solitons has been a subject of interest
for many people in recent years. For four-dimensional gradient Ricci solitons,
A. Naber [12] showed that a four-dimensional non-compact shrinking Ricci
soliton with bounded nonnegative Riemannian curvature is a finite quotient
of R4, R2×S2 or R×S3. X. Chen and Y. Wang [6] classified four-dimensional
anti-self dual gradient steady and shrinking Ricci solitons. More generally,
J.Y. Wu, P. Wu and W. Wylie [17] proved that a four-dimensional gradient
shrinking Ricci soliton with half harmonic Weyl tensor (i.e. divW± = 0) is
either Einstein or a finite quotient of R4, R2 × S2 or R× S3.
For n-dimensional gradient Ricci solitons, M. Eminenti, G. La Nave and
C. Mantegazza [7] proved that an n-dimensional compact shrinking Ricci
soliton with vanishing Weyl tensor is a finite quotient of Sn. More generally,
P. Peterson and W. Wylie [14] showed that a gradient shrinking Ricci soliton
with vanishing Weyl tensor is a finite quotient of Rn, Sn−1 × R, or Sn by
assuming
∫
M
|Ric|2e−f <∞. The integral assumption was proven to be true
for gradient shrinking Ricci solitions (see Theorem 1.1 of [11]). Without
additional assumptions, Z. H. Zhang [18] obtained the same classification of
gradient shrinking Ricci solitons with vanishing Weyl tensor.
H. D. Cao and Q. Chen [1] introduced the covariant 3-tensor D, i.e.
Dijk =
1
n− 2
(Rjk∇if − Rik∇jf) +
1
2(n− 1)(n− 2)
(gjk∇iR− gik∇jR)
−
R
(n− 1)(n− 2)
(gjk∇if − gik∇jf).
to study the classification of locally conformally flat gradient steady solitons.
The vanishing of D is a crucial ingredient in their classification results. They
[2] proved that a compact gradient shrinking Ricci solitons with D = 0 is Ein-
stein. Moreover, they showed that a four-dimensional complete non-compact
Bach-flat gradient shrinking Ricci soliton is a finite quotient of R4 or R×S3.
More generally, they proved that a n-dimensional (n ≥ 5) complete non-
compact Bach-flat gradient shrinking Ricci soliton with is a finite quotient
of Rn or R×Nn−1, where N is an (n− 1)-dimensional Einstein manifold.
H. D. Cao and Q. Chen [2] proved that a Bach-flat gradient shrinking
Ricci soliton has vanishing D, where the Bach tensor is given by
Bij =
1
n− 3
∇k∇lWikjl +
1
n− 2
RklWikjl.
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Moreover, they showed that the 3-tensorD is closely related to Cotton tensor,
i.e.
Cijk = ∇iRjk −∇jRik −
1
2(n− 1)
(gjk∇iR− gik∇jR),
and Weyl tensor, i.e.
Wijkl = Rijkl −
1
n− 2
(gikRjl − gilRjk − gjkRil + gjlRik)
+
R
(n− 1)(n− 2)
(gikgjl − gilgjk)
by
Dijk = Cijk +Wijkl∇lf.
M. Ferna´ndez-Lo´pez and E. Garcia-Rı´o [8] proved that the compact Ricci
soliton is rigid if and only if it has harmonic Weyl tensor. For the complete
non-compact case, O. Munteanu and N. Sesum [11] showed that a gradient
shrinking Ricci soliton with harmonic Weyl tensor is rigid.
In 2016, G. Catino, P. Mastrolia and D. D. Monticelli [4] proved that the
gradient shrinking Ricci soliton is rigid if div4W = 0. In their paper, div4
is defined by div4W = ∇k∇j∇l∇iWikjl. They showed that div
4W = 0 if
and only if div3C = 0, where div3C = ∇i∇j∇kCijk. Then, they proved that
div3C = 0 implies C = 0. The rigidity result follows.
S. Tachibana [15] proved that a compact orientable Riemannian manifold
with Rm > 0 and divRm = 0 is a space of constant curvature. P. Peterson
and W. Wylie [13] proved that a compact shrinking gradient Ricci soliton
is Einstein if
∫
M
Ric(∇f,∇f) ≤ 0. They also showed that a gradient Ricci
soliton is rigid if and only if it has constant scalar curvature and is radially
flat.
In order to state our results precisely, we introduce the following defini-
tions for the Riemannian curvature:
(divRm)ijk := ∇lRijkl,
(div2Rm)ik := ∇j∇lRijkl,
(div3Rm)i := ∇k∇j∇lRijkl,
div4Rm := ∇i∇k∇j∇lRijkl.
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For the Weyl curvature tensor, we define:
(divW )ijk := ∇lWijkl,
(div2W )ik := ∇j∇lWijkl,
(div3W )i := ∇k∇j∇lWijkl,
div4W := ∇i∇k∇j∇lWijkl.
Our main results are the following theorems for gradient shrinking Ricci
solitons:
Theorem 1.1 Let (Mn, g) be a gradient shrinking Ricci soliton with (1.1).
If div4Rm = 0, then (Mn, g) is rigid.
Theorem 1.2 Let (Mn, g) be a gradient shrinking Ricci soliton with (1.1).
If div3Rm(∇f) = 0, then (Mn, g) is rigid.
G. Catino, P. Mastrolia and D. D. Monticelli [4] proved that a gradient
shrinking Ricci soliton with div4W = 0 is rigid. We will give a different proof
in Section 8 Appendix. Moreover, we have the following result:
Theorem 1.3 Let (Mn, g) be a gradient shrinking Ricci soliton with (1.1).
If div3W (∇f) = 0, then (Mn, g) is rigid.
For the 4-dimensional case, we have the following classification theorems:
Theorem 1.4 Let (M4, g) be a 4-dimensional gradient shrinking Ricci soli-
ton with (1.1). If div4Rm = 0, then (M4, g) is either
(i) Einstein, or
(ii) a finite quotient of the Gaussian shrinking soliton R4, R2 × S2 or the
round cylinder R× S3.
Theorem 1.5 Let (M4, g) be a 4-dimensional gradient shrinking Ricci soli-
ton with (1.1). If div3Rm(∇f) = 0, then (M4, g) is either
(i) Einstein, or
(ii) a finite quotient of the Gaussian shrinking soliton R4, R2 × S2 or the
round cylinder R× S3.
Theorem 1.6 Let (M4, g) be a 4-dimensional gradient shrinking Ricci soli-
ton with (1.1). If div3W (∇f) = 0, then (M4, g) is either
4
(i) Einstein, or
(ii) a finite quotient of the Gaussian shrinking soliton R4, R2 × S2 or the
round cylinder R× S3.
Remark 1.1 As it will be clear from the proof, the scalar assumptions
on the vanishing of div4Rm, div3Rm(∇f), and div3W (∇f) in all the above
theorems can be trivially relaxed to a (suitable) inequality. To be precise,
Theorem 1.1 and Theorem 1.4 hold just assuming div4Rm ≥ 0. Under the
condition of div3Rm(∇f) ≥ 0, Theorem 1.2 and Theorem 1.5 still hold.
Moreover, Theorem 1.3 and Theorem 1.6 hold for div3W (∇f) ≥ 0.
The rest of this paper is organized as follows. In Section 2, we recall
some background material and prove some formulas which will be needed
in the proof of the main theorems. In Section 3, we will prove that the
compact gradient Ricci soliton with fourth divergence-free Riemannian tensor
is Einstein. The proof makes use of a rigid theorem obtained by P. Peterson
and W. Wylie [13]. In Section 4, we will deal with the complete noncompact
case of Theorem 1.1. In Section 5, we give a direct proof of Theorem 1.2. We
first prove divergence formulas of the Weyl tensor in Section 6, then we will
prove Theorem 1.3. Finally, in Section 7 we will finish the proof of Theorems
1.4 to 1.6.
2 Preliminaries
First of all, we present some basic facts of gradient shrinking Ricci soli-
tons.
Proposition 2.1 (([7,10,11,14])) Let (Mn, g) be a gradient shrinking Ricci
soliton with (1.1), we have the following identities.
∇lRijkl = ∇jRik −∇iRjk, (2.2)
∇R = 2divRic, (2.3)
Rijkl∇lf = ∇lRijkl, (2.4)
∇l(Rijkle
−f) = 0, (2.5)
Rjl∇lf = ∇lRjl, (2.6)
∇l(Rjle
−f ) = 0, (2.7)
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∇R = 2Ric(∇f, ·), (2.8)
∆fRik = 2λRik − 2RijklRjl, (2.9)
∆fR = 2λR− 2|Ric|
2, (2.10)
where ∆f := ∆−∇∇f ,
∆f |Ric|
2 = 4λ|Ric|2 − 4Rm(Ric, Ric) + 2|∇Ric|2, (2.11)
where Rm(Ric, Ric) = RijklRikRjl, and
R + |∇f |2 − 2λf = Const. (2.12)
Next we prove the following formulas for gradient shrinking Ricci soliton
with (1.1).
Proposition 2.2 Let (Mn, g) be a gradient shrinking Ricci soliton with
(1.1), we have the following identities.
(div2Rm)ik = 2λRik +∇lRik∇lf −
1
2
∇i∇kR− R
2
ik −RijklRjl, (2.13)
(div3Rm)i = −Rijkl∇kRjl, (2.14)
and
div4Rm = ∇lRjk∇kRjl − |∇Ric|
2 − Rijkl∇i∇kRjl. (2.15)
Proof. By direct computation,
(div2Rm)ik = ∇j∇lRijkl
= ∆Rik −∇j∇iRjk
= ∆fRik +∇lRik∇lf −∇i∇jRjk +RijklRjl −R
2
ik
= 2λRik − 2RijklRjl +∇lRik∇lf −
1
2
∇i∇kR +RijklRjl −R
2
ik
= 2λRik − RijklRjl +∇lRik∇lf −
1
2
∇i∇kR− R
2
ik,
where we used (2.2) in the second equality. Moreover, we used (2.3) and
(2.9) in the fourth equality.
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Using (2.13), we have
(div3Rm)i = ∇k∇j∇lRijkl
= ∇k(2λRik −RijklRjl +∇lRik∇lf −
1
2
∇i∇kR− R
2
ik)
= λ∇iR −∇kRijklRjl −Rijkl∇kRjl +∇lRik∇k∇lf +∇k∇lRik∇lf
−
1
2
∇k∇i∇kR− Rij∇kRkj −Rkj∇kRij
= λ∇iR + (∇jRil −∇iRjl)Rjl −Rijkl∇kRjl +∇lRik(λgkl − Rkl)
+(∇l∇kRik +RljRij +RklijRjk)∇lf −
1
2
∇i∆fR−
1
2
∇i(∇kR∇kf)
−
1
2
Rij∇jR−
1
2
Rij∇jR− Rkj∇kRij
= λ∇iR +Rjl∇jRil −
1
2
∇i|Ric|
2 − Rijkl∇kRjl +
λ
2
∇iR
−Rkl∇lRik +
1
2
∇l∇iR∇lf +
1
2
Rij∇jR +Rjk∇lRijkl
−λ∇iR +∇i|Ric|
2 −
1
2
∇i∇lR∇lf −
1
2
∇lR∇i∇lf
−Rij∇jR− Rkj∇kRij
=
1
2
∇i|Ric|
2 − Rijkl∇kRjl +
λ
2
∇iR−
1
2
Rik∇kR +Rjk∇jRik
−
1
2
∇i|Ric|
2 −
λ
2
∇iR +
1
2
Ril∇lR− Rkj∇kRij
= −Rijkl∇kRjl,
where we used (2.3) in the third equality, used (2.2) and (1.1) in the fourth
equality. Moreover, we used (2.4), (2.8) and (2.10) in the fifth equality. In
the sixth equality, we used (1.1) and (2.2).
It follows from (2.14) that
div4Rm = ∇i∇k∇j∇lRijkl
= −∇iRijkl∇kRjl − Rijkl∇i∇kRjl
= (∇lRjk −∇kRjl)∇kRjl −Rijkl∇i∇kRjl
= ∇lRjk∇kRjl − |∇Ric|
2 −Rijkl∇i∇kRjl,
where we used (2.2) in the third equality. 
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Remark 2.1 It follows from (2.13) that div2Rm is a symmetric 2-tensor.
Therefore, we have the following identities.
(div2Rm)ik = ∇j∇lRijkl = ∇l∇jRijkl,
(div3Rm)i = ∇k∇j∇lRijkl = ∇k∇j∇lRkjil = ∇k∇l∇jRijkl = ∇k∇l∇jRkjil,
and
div4Rm = ∇i∇k∇j∇lRijkl = ∇i∇k∇l∇jRijkl = ∇k∇i∇j∇lRijkl = ∇k∇i∇l∇jRijkl.
Finally, we list following results that will be needed in the proof of the
main theorems.
Lemma 2.1 Let (Mn, g) be a complete gradient shrinking soliton with (1.1).
Then it has nonnegative scalar curvature R ≥ 0.
Remark 2.2 Lemma 2.1 is a special case of a more general result of B.
L. Chen [5] which states that R ≥ 0 for any ancient solution to the Ricci
flow.
Lemma 2.2 (H. D. Cao and D. Zhou [3]) Let (Mn, g) be a complete gradient
shrinking soliton with (1.1). Then,
(i) the potential function f satisfies the estimates
1
4
(r(x)− c1)
2 ≤ f(x) ≤
1
4
(r(x) + c2)
2, (2.16)
where r(x) = d(x0, x) is the distance function from some fixed point x0 ∈M ,
c1 and c2 are positive constants depending only on n and the geometry of g
on the unit ball B(x0, 1);
(ii) there exists some constant C > 0 such that
V ol(B(x0, s)) ≤ Cs
n (2.17)
for s > 0 sufficiently large.
Lemma 2.3 (P. Petersen and W. Wylie [13]) A shrinking compact gradient
soliton is rigid with trivial f if
∫
M
Ric(∇f,∇f) ≤ 0. (2.18)
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Lemma 2.4 ( P. Petersen and W. Wylie [13]) A gradient soliton is rigid
if and only if it has constant scalar curvature and is radially flat, that is,
sec(E,∇f) = 0.
Remark 2.3 The condition of divRm = 0 is stronger than sec(E,∇f) = 0.
Lemma 2.5 (O. Munteanu and N. Sesum [11]) For any complete gradient
shrinking Ricci soliton with (1), we have
∫
M
|Ric|2e−αf < +∞ (2.19)
for any α > 0.
Lemma 2.6 (O. Munteanu and N. Sesum [11]) Let (M, g) be a gradient
shrinking Ricci soliton. If for some β < 1 we have
∫
M
|Rm|2e−βf < +∞,
then the following identity holds.
∫
M
|divRm|2e−f =
∫
M
|∇Ric|2e−f < +∞. (2.20)
3 The Compact Case of Theorem 1.1
In this section, we prove the the compact case of Theorem 1.1:
Theorem 3.1 Let (Mn, g) be a compact gradient shrinking Ricci soliton
with (1.1). If div4Rm = 0, then (Mn, g) is Einstein.
The first step in proving Theorem 3.1 is to obtain the following integral
equation.
Lemma 3.1 Let (Mn, g) be a compact gradient shrinking Ricci soliton with
(1.1), then ∫
M
∇lRjk∇kRjle
−f =
1
2
∫
M
|∇Ric|2e−f . (3.21)
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Proof. Calculating directly, we have
∫
M
∇lRjk∇kRjle
−f
= −
∫
M
Rjk∇l∇kRjle
−f +
∫
M
Rjk∇kRjl∇lfe
−f
= −
∫
M
Rjk(∇k∇lRjl +RjpRpk +RlkjiRil)e
−f
+
∫
M
Rjk∇k(Rjl∇lf)e
−f −
∫
M
RjkRjl∇k∇lfe
−f
= −
∫
M
Rjk(RjpRpk +RlkjiRil)e
−f −
∫
M
RjkRjl(λgkl −Rkl)e
−f
= −
∫
M
trRic3e−f +
∫
M
Rm(Ric, Ric)e−f − λ
∫
M
|Ric|2e−f +
∫
M
trRic3e−f
=
∫
M
Rm(Ric, Ric)e−f − λ
∫
M
|Ric|2e−f , (3.22)
where we used (2.6) and (1.1) in the third equality.
Applying (2.11) to (3.22), we obtain
∫
M
∇lRjk∇kRjle
−f
= −
1
4
∫
M
∆f |Ric|
2e−f +
1
2
∫
M
|∇Ric|2e−f
= −
1
4
∫
M
(∆|Ric|2 −∇∇f |Ric|
2)e−f +
1
2
∫
M
|∇Ric|2e−f
= −
1
4
∫
M
∇∇f |Ric|
2e−f +
1
4
∫
M
∇∇f |Ric|
2e−f +
1
2
∫
M
|∇Ric|2e−f
=
1
2
∫
M
|∇Ric|2e−f .

Now we are ready to prove Theorem 3.1.
Proof of Theorem 3.1:
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Integrating (2.15), we obtain
∫
M
div4Rme−f
=
∫
M
∇lRjk∇kRjle
−f −
∫
M
|∇Ric|2e−f −
∫
M
Rijkl∇i∇kRjle
−f
=
1
2
∫
M
|∇Ric|2e−f −
∫
M
|∇Ric|2e−f
= −
1
2
∫
M
|∇Ric|2e−f , (3.23)
where we used Lemma 3.1 and (2.5) in the second equality.
Since div4Rm = 0, it follows from (3.23) that
∫
M
|∇Ric|2e−f = 0, i.e.
|∇Ric| = 0 a.e. . Note that any gradient shrinking Ricci soliton is analytic
in harmonic coordinates, we have |∇Ric| = 0 on M .
By direct computation, we have
0 ≤ |∇Ric−
∇R
n
g|2 = |∇Ric|2 −
|∇R|2
n
= −
|∇R|2
n
≤ 0.
Therefore, R is a constant onM . It follows from (2.8) thatRic(∇f,∇f) =
1
2
〈∇R,∇f〉 = 0. By Lemma 2.3, (Mn, g) is rigid. The compactness of (Mn, g)
implies that (Mn, g) is Einstein. 
4 The Complete Non-compact Case of The-
orem 1.1
In this section, we prove the complete non-compact case of Theorem 1.1:
Theorem 4.1 Let (Mn, g) be a complete non-compact gradient shrinking
Ricci soliton with (1.1). If div4Rm = 0, then (Mn, g) is rigid.
The first step in proving Theorem 4.1 is to obtain the following integral
inequality.
Lemma 4.1 Let (Mn, g) be a complete non-compact gradient shrinking Ricci
soliton with (1.1). For every C2 function φ : R+ → R with φ(f) having com-
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pact support in M and some constant c > 0, we have
∫
M
∇lRjk∇kRjlφ
2(f)e−f ≤ c
∫
M
|Ric|2|∇f |2(φ′)2e−f+
3
4
∫
M
|∇Ric|2φ2(f)e−f .
(4.24)
Proof. By direct computation, we have
∫
M
∇lRjk∇kRjlφ
2(f)e−f
= −
∫
M
Rjk∇l∇kRjlφ
2(f)e−f −
∫
M
Rjk∇kRjl∇lφ
2(f)e−f +
∫
M
Rjk∇kRjl∇lfφ
2(f)e−f
= −
∫
M
Rjk(∇k∇lRjl +RjpRpk +RlkjiRil)φ
2(f)e−f − 2
∫
M
Rjk∇kRjl∇lfφφ
′e−f
+
∫
M
Rjk∇k(Rjl∇lf)φ
2(f)e−f −
∫
M
RjkRjl∇k∇lfφ
2(f)e−f
= −
∫
M
Rjk(RjpRpk +RlkjiRil)φ
2(f)e−f − 2
∫
M
Rjk∇kRjl∇lfφφ
′e−f
−
∫
M
RjkRjl(λgkl −Rkl)φ
2(f)e−f
= −
∫
M
trRic3φ2(f)e−f +
∫
M
Rm(Ric, Ric)φ2(f)e−f − 2
∫
M
Rjk∇kRjl∇lfφφ
′e−f
−λ
∫
M
|Ric|2φ2(f)e−f +
∫
M
trRic3φ2(f)e−f
=
∫
M
Rm(Ric, Ric)φ2(f)e−f − 2
∫
M
Rjk∇kRjl∇lfφφ
′e−f − λ
∫
M
|Ric|2φ2(f)e−f ,
(4.25)
where we used (2.7) and (1.1) in the third equality.
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Applying (2.11) to (4.25), we obtain
∫
M
∇lRjk∇kRjlφ
2(f)e−f
= −2
∫
M
Rjk∇kRjl∇lfφφ
′e−f −
1
4
∫
M
∆f |Ric|
2φ2(f)e−f +
1
2
∫
M
|∇Ric|2φ2(f)e−f
= −2
∫
M
Rjk∇kRjl∇lfφφ
′e−f −
1
4
∫
M
∆|Ric|2φ2(f)e−f
+
1
4
∫
M
∇∇f |Ric|
2φ2(f)e−f +
1
2
∫
M
|∇Ric|2φ2(f)e−f
= −2
∫
M
Rjk∇kRjl∇lfφφ
′e−f +
1
4
∫
M
〈∇|Ric|2,∇φ2(f)〉e−f
−
1
4
∫
M
∇∇f |Ric|
2φ2(f)e−f +
1
4
∫
M
∇∇f |Ric|
2φ2(f)e−f +
1
2
∫
M
|∇Ric|2φ2(f)e−f
= −2
∫
M
Rjk∇kRjl∇lfφφ
′e−f +
∫
M
Rik∇lRik∇lfφφ
′e−f
+
1
2
∫
M
|∇Ric|2φ2(f)e−f
≤ c
∫
M
|Ric||∇f ||∇Ric||φ||φ′|e−f +
1
2
∫
M
|∇Ric|2φ2(f)e−f
≤ c
∫
M
|Ric|2|∇f |2(φ′)2e−f +
3
4
∫
M
|∇Ric|2φ2(f)e−f
for some constant c > 0. 
Lemma 4.2 Let (Mn, g) be a complete non-compact gradient shrinking
Ricci soliton with (1.1). For every C2 function ϕ : R+ → R with ϕ(f)
having compact support in M , we have
−
∫
M
Rijkl∇i∇kRjlϕ(f)e
−f =
∫
M
(|∇Ric|2 −∇lRkj∇kRjl)ϕ
′e−f . (4.26)
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Proof. By direct computation, we have
−
∫
M
Rijkl∇i∇kRjlϕ(f)e
−f =
∫
M
Rijkl∇kRjlϕ
′∇ife
−f
=
∫
M
∇iRijkl∇kRjlϕ
′e−f
=
∫
M
(∇kRjl −∇lRkj)∇kRjlϕ
′e−f
=
∫
M
(|∇Ric|2 −∇lRkj∇kRjl)ϕ
′e−f ,
where we used (2.5), (2.4) and (2.2) in the first, second and third equality,
respectively. 
Now we are ready to prove Theorem 4.1.
Proof of Theorem 4.1:
Let φ : R+ → R be a C
2 function with φ = 1 on (0, s], φ = 0 on
[2s,∞) and − c
t
≤ φ′(t) ≤ 0 on (s, 2s) for some constant c > 0. Define
D(r) := {x ∈M |f(x) ≤ r}.
By Lemma 4.2, we have
−
∫
M
Rijkl∇i∇kRjlφ
2(f)e−f =
∫
M
(|∇Ric|2 −∇lRkj∇kRjl)(φ
2)′e−f
= 2
∫
M
(|∇Ric|2 −∇lRkj∇kRjl)φφ
′e−f
≤ 0. (4.27)
Integrating (2.15) and using Lemma 4.1 and (4.27), we have
∫
M
div4Rmφ2(f)e−f
=
∫
M
∇lRjk∇kRjlφ
2(f)e−f −
∫
M
|∇Ric|2φ2(f)e−f −
∫
M
Rijkl∇i∇kRjlφ
2(f)e−f
≤ c
∫
M
|Ric|2|∇f |2(φ′)2e−f +
3
4
∫
M
|∇Ric|2φ2(f)e−f −
∫
M
|∇Ric|2φ2(f)e−f
≤
c
s2
∫
D(2s)\D(s)
|Ric|2|∇f |2e−f −
1
4
∫
M
|∇Ric|2φ2(f)e−f . (4.28)
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It follows from Lemma 2.1, (2.12), (2.16) and Lemma 2.5 that
∫
M
|Ric|2|∇f |2e−f ≤
∫
M
|Ric|2e−αf < +∞
for some α ∈ (0, 1]. Therefore,
c
s2
∫
D(2s)\D(s)
|Ric|2|∇f |2e−f → 0
as s→ +∞.
By taking r → +∞ in (4.28), we obtain
∫
M
|∇Ric|2e−f = 0. Since∫
M
|∇Ric|2e−f < +∞, it follows from (2.20) that
∫
M
|divRm|2e−f =
∫
M
|∇Ric|2e−f = 0.
Hence, |divRm| = |∇Ric| = 0 a.e. . Note that any gradient shrink-
ing Ricci soliton is analytic in harmonic coordinates, we have |divRm| =
|∇Ric| = 0 on M .
It is clear divRm = 0 implies that Mn is radially flat.
By direct computation, we have
0 ≤ |∇Ric−
∇R
n
g|2 = |∇Ric|2 −
|∇R|2
n
= −
|∇R|2
n
≤ 0.
Therefore, R is a constant on M .
SinceMn is radially flat and has constant scalar curvature, it follows from
Lemma 2.4 that (Mn, g) is rigid. 
Theorem 1.1 follows by combining Theorem 3.1 and Theorem 4.1.
5 The proof of Theorem 1.2
In this section, we give a direct proof of Theorem 1.2.
Theorem 5.1 Let (Mn, g) be a gradient shrinking Ricci soliton with (1.1).
If div3Rm(∇f) = 0, then (Mn, g) is rigid.
15
Proof. From (2.14), we have
div3Rm(∇f) = ∇k∇j∇lRijkl∇if
= −Rijkl∇kRjl∇if
=
1
2
(∇iRijkl)(∇lRjk −∇kRjl)
= −
1
2
|divRm|2,
where we used (2.4) in the third equality and (2.2) in the last.
Since div3Rm(∇f) = 0, divRm = 0. It follows that M is radially flat.
Moreover, we have
∇iR = 2∇lRil = −2g
jk∇lRijkl = 0,
i.e. R is a constant on M .
SinceMn is radially flat and has constant scalar curvature, it follows from
Lemma 2.4 that (Mn, g) is rigid. 
6 Under the condition of Weyl tensor
In this section, we prove Theorems 1.3. The first step is to obtain the
following formulas.
Proposition 6.1 Let (Mn, g) (n ≥ 3) be a gradient shrinking Ricci soli-
ton with (1.1), we have the following identities.
(divW )ijk =
n− 3
n− 2
(divRm)ijk −
n− 3
2(n− 1)(n− 2)
(gik∇jR− gjk∇iR), (6.29)
(div2W )ik =
n− 3
n− 2
(div2Rm)ik −
n− 3
2(n− 1)(n− 2)
(gik∆R−∇k∇iR), (6.30)
(div3W )i =
n− 3
n− 2
(div3Rm)i +
n− 3
2(n− 1)(n− 2)
Rik∇kR, (6.31)
and
div4W =
n− 3
n− 2
div4Rm+
n− 3
2(n− 1)(n− 2)
(
1
2
|∇R|2 +Rik∇i∇kR). (6.32)
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Proof. By direct computation,
(divW )ijk = ∇lWijkl
= ∇lRijkl −
1
n− 2
(gik∇lRjl −∇iRjk − gjk∇lRil +∇jRik)
+
1
(n− 1)(n− 2)
(gik∇jR− gjk∇iR)
= ∇lRijkl −
1
n− 2
∇lRijkl
−
1
2(n− 2)
(gik∇jR− gjk∇iR) +
1
(n− 1)(n− 2)
(gik∇jR− gjk∇iR)
=
n− 3
n− 2
∇lRijkl −
n− 3
2(n− 1)(n− 2)
(gik∇jR − gjk∇iR),
where we used (2.8)in the second equality.
It follows from (6.29) that
(div2W )ik
= ∇j∇lWijkl
=
n− 3
n− 2
∇j∇lRijkl −
n− 3
2(n− 1)(n− 2)
(gik∆R−∇k∇iR),
By (6.30), we have
(div3W )i = ∇k∇j∇lWijkl
=
n− 3
n− 2
∇k∇j∇lRijkl −
n− 3
2(n− 1)(n− 2)
(∇i∆R −∇k∇k∇iR)
=
n− 3
n− 2
∇k∇j∇lRijkl +
n− 3
2(n− 1)(n− 2)
Rik∇kR,
From (6.31), we have
div4W = ∇i∇k∇j∇lWijkl
=
n− 3
n− 2
∇i∇k∇j∇lRijkl +
n− 3
2(n− 1)(n− 2)
∇i(Rik∇kR)
=
n− 3
n− 2
∇i∇k∇j∇lRijkl
+
n− 3
2(n− 1)(n− 2)
(
|∇R|2
2
+Rik∇i∇kR),
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As a corollary of Proposition 6.1, we have
Corollary 6.1 Let (Mn, g) (n ≥ 3) be a gradient shrinking Ricci soliton
with (1.1), we have the following identities.
(divW )ijk =
n− 3
n− 2
(∇jRik −∇iRjk)−
n− 3
2(n− 1)(n− 2)
(gik∇jR− gjk∇iR),
(6.33)
(div2W )ik =
n− 3
n− 2
(2λRik +∇∇fRik − R
2
ik −RijklRjl)−
n− 3
2(n− 1)
∇i∇kR
−
n− 3
2(n− 1)(n− 2)
(∇∇fR + 2λR− 2|Ric|
2)gik, (6.34)
(div3W )i = −
n− 3
n− 2
Rijkl∇kRjl +
n− 3
2(n− 1)(n− 2)
Rik∇kR, (6.35)
and
div4W =
n− 3
n− 2
(∇lRjk∇kRjl − |∇Ric|
2 − Rijkl∇i∇kRjl)
+
n− 3
2(n− 1)(n− 2)
(
1
2
|∇R|2 +Rik∇i∇kR). (6.36)
Proof. Applying (2.2) to (6.29), we obtain (6.33).
Applying (2.10) and (2.13) to (6.30), we can get (6.34).
Applying (2.14) to (6.31), we have (6.35).
Applying (2.15) to (6.32), we have (6.36). 
Next, we prove that a gradient shrinking Ricci soliton with div3W (∇f) = 0
is rigid.
Theorem 6.1 Let (Mn, g) be a gradient shrinking Ricci soliton with (1.1).
If div3W (∇f) = 0, then (Mn, g) is rigid.
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Proof. By (6.35), we have
div3W (∇f)
= −
n− 3
n− 2
Rijkl∇kRjl∇if +
n− 3
2(n− 1)(n− 2)
Rik∇kR∇if
=
n− 3
2(n− 2)
(∇iRijkl)(∇lRjk −∇kRjl) +
n− 3
4(n− 1)(n− 2)
|∇R|2
= −
n− 3
2(n− 2)
|divRm|2 +
n− 3
4(n− 1)(n− 2)
|∇R|2, (6.37)
where we used (2.4) and (2.8) in the second equality and (2.2) in the last.
It follows from (2.8) that |∇R|2 ≤ 4|Ric|2|∇f |2. By Lemma 2.1, (2.12),
(2.16) and Lemma 2.5, we have∫
M
|∇R|2e−f ≤ 4
∫
M
|Ric|2|∇f |2e−f ≤
∫
M
|Ric|2e−αf < +∞,
where for some constant α ∈ (0, 1].
Integrating (6.37) and using the condition of div3W (∇f) = 0, we obtain∫
M
|divRm|2e−f =
1
2(n− 1)
∫
M
|∇R|2e−f < +∞.
It follows from (2.20) that∫
M
|∇Ric|2e−f =
∫
M
|divRm|2e−f
=
1
2(n− 1)
∫
M
|∇R|2e−f
≤
n
2(n− 1)
∫
M
|∇Ric|2e−f , (6.38)
where we used |∇R|2 ≤ n|∇Ric|2.
Note that n
2(n−1)
< 1, we conclude from (6.38) that
∫
M
|divRm|2e−f =
∫
M
|∇R|2e−f = 0,
i.e., |divRm| = |∇R| = 0 a.e. .
Since any gradient shrinking Ricci soliton is analytic in harmonic coor-
dinates, |divRm| = 0 on M . It follows that M is radially flat. Moreover,
|∇R| = 0 onM , i.e., R is a constant onM . By Lemma 2.4, (Mn, g) is rigid.
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7 Four-dimensional Case
We prove Theorems 1.4 to 1.6 in this section. From Theorems 1.1 to 1.3,
we only need to show the following classification theorem.
Theorem 7.1 Let (M4, g) be a 4-dimensional rigid gradient shrinking Ricci
soliton with (1.1), then (M4, g) is either
(i) Einstein, or
(ii) a finite quotient of the Gaussian shrinking soliton R4, R2 × S2 or the
round cylinder R× S3.
Before we prove Theorem 7.1, we present some results that are needed in
the proof of Theorem 7.1.
Lemma 7.1 (M. Ferna´ndez-Lo´pez and E. Garc´ıa-Rı´o [9]) Let (Mn, g, f)
be an n-dimensional gradient shrinking Ricci soliton with constant scalar
curvature, then R ∈ {0, λ, ·, ··, (n− 1)λ, nλ}.
Lemma 7.2 (M. Ferna´ndez-Lo´pez and E. Garc´ıa-Rı´o [9]) No complete gra-
dient shrinking Ricci soliton may exist with R = λ.
Now we are ready to prove Theorem 7.1.
Proof of Theorem 7.1:
Note that (M4, g) is rigid, i.e., it is a finite quotient of Rk ×N4−k, where
N is an Einstein manifold and k ∈ {0, 1, 2, 3, 4}. It follows that M4 has
constant scalar curvature. Moreover, Lemma 7.1 and Lemma 7.2 imply that
R ∈ {0, 2λ, 3λ, 4λ}.
We denote by {ei}
4
i=1 a local orthonormal frame of M
4 with e1 =
∇f
|∇f |
.
Moreover, We use {αi}
4
i=1 to represent eigenvalues of the Ricci tensor with
corresponding orthonormal eigenvectors {ei}
4
i=1.
In the following, we divide the arguments into four cases:
• Case 1: R ≡ 0. In this case, (M4, g, f) is a finite quotient of the
Gaussian soliton R4.
• Case 2: R ≡ 2λ. In this case, we have
(α1, α2, α3, α4) ∈ {(
λ
2
,
λ
2
,
λ
2
,
λ
2
), (0,
2λ
3
,
2λ
3
,
2λ
3
), (0, 0, λ, λ), (0, 0, 0, 2λ)}.
It follows from (2.10) that |Ric|2 = λR = 2λ2. Therefore, (α1, α2, α3, α4) =
(0, 0, λ, λ). The rigidity of (M4, g) implies that it is a finite quotient ofR2×N2
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with positive scalar curvature. It is clear that N2 has to be S2. Therefore,
(M4, g) is a finite quotient of R2 × S2.
• Case 3: R ≡ 3λ. In this case, we have
(α1, α2, α3, α4) ∈ {(
3λ
4
,
3λ
4
,
3λ
4
,
3λ
4
), (0, λ, λ, λ), (0, 0,
3λ
2
,
3λ
2
), (0, 0, 0, 3λ)}.
It follows from (2.10) that |Ric|2 = λR = 3λ2. Therefore, (α1, α2, α3, α4) =
(0, λ, λ, λ). The rigidity of (M4, g) implies that it is a finite quotient of R×N3,
where N3 is Einstein with positive scalar curvature. It is clear that N3 has
to be S3. Therefore, (M4, g) is a finite quotient of R× S3.
• Case 4: R ≡ 4λ. In this case, (α1, α2, α3, α4) = (λ, λ, λ, λ), i.e., (M
4, g)
is Einstein with Ric = λg.
We conclude that (M4, g) is either Einstein or a finite quotient of R4,
R
2 × S2 or R× S3. 
8 Appendix
G. Catino, P. Mastrolia and D. D. Monticelli [4] defined the fourth or-
der divergence of Weyl tensor div4W to be ∇k∇j∇l∇iWikjl. Moreover, they
proved that a gradient shrinking Ricci soliton with div4W = 0 is rigid. It is
clear from their proof that this result holds for ∇k∇j∇l∇iWikjl ≤ 0.
Remark 8.1 The definition of div4W in G. Catino, P. Mastrolia and D.
D. Monticelli [4] differs from ours by a minus sign. To be more precise, we
have
∇k∇j∇l∇iWikjl = ∇j∇k∇l∇iWijkl = −∇j∇k∇l∇iWjikl = −∇i∇k∇l∇jWijkl.
(8.39)
It follows from (6.30) that ∇j∇lWijkl is symmetric on i and k, then it is also
symmetric on j and l, i.e.,
∇j∇lWijkl = ∇l∇jWijkl. (8.40)
Combining (8.39) and (8.40), we have
∇k∇j∇l∇iWikjl = −∇i∇k∇j∇lWijkl.
It is clear from (6.32) that
div4W =
n− 3
n− 2
div4Rm+
n− 3
2(n− 1)(n− 2)
(
1
2
|∇R|2 +Rik∇i∇kR).
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The following theorems were proved by G. Catino, P. Mastrolia and D.
D. Monticelli [4], we give a different proof here.
Theorem 8.1 Let (Mn, g) be a compact gradient shrinking Ricci soliton
with (1.1). If div4W = 0, then (Mn, g) is Einstein.
Proof. Integrating (6.36), we have
∫
M
div4We−f
=
n− 3
n− 2
∫
M
(∇lRjk∇kRjl − |∇Ric|
2 −Rijkl∇i∇kRjl)e
−f
+
n− 3
2(n− 1)(n− 2)
∫
M
(
1
2
|∇R|2 +Rik∇i∇kR)e
−f
= −
n− 3
2(n− 2)
∫
M
|∇Ric|2e−f +
n− 3
4(n− 1)(n− 2)
∫
M
|∇R|2e−f
≤ −
n− 3
4n(n− 1)
∫
M
|∇R|2e−f , (8.41)
where we used Lemma 3.1, (2.5) and (2.7) in the second equality. Moreover,
we used |∇R|2 ≤ n|∇Ric|2 in the inequality.
Since div4W = 0, it follows from (8.41) that ∇R = 0 a.e. . Note
that any gradient shrinking Ricci soliton is analytic in harmonic coordi-
nates, we have ∇R = 0 on M , i.e., R is a constant on M . Therefore,
Ric(∇f,∇f) = 1
2
〈∇R,∇f〉 = 0. By Lemma 2.3, (Mn, g) is Einstein. 
Theorem 8.2 Let (Mn, g) be a complete non-compact gradient shrinking
Ricci soliton with (1.1). If div4W = 0, then (Mn, g) is rigid.
Proof. Let φ : R+ → R be a C
2 function with φ = 1 on (0, s], φ = 0
on [2s,∞) and − c
t
≤ φ′(t) ≤ 0 on (s, 2s) for some constant c > 0. Define
D(r) := {x ∈M |f(x) ≤ r}.
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Integrating (6.37) we have
∫
M
div4Wφ2(f)e−f
=
n− 3
n− 2
∫
M
(∇lRjk∇kRjl − |∇Ric|
2 −Rijkl∇i∇kRjl)φ
2(f)e−f
+
n− 3
2(n− 1)(n− 2)
∫
M
(
1
2
|∇R|2 +Rik∇i∇kR)φ
2(f)e−f
≤ c
∫
D(2s)\D(s)
|Ric|2|∇f |2(φ′)2e−f −
n− 3
4(n− 2)
∫
M
|∇Ric|2φ2(f)e−f
+
n− 3
4(n− 1)(n− 2)
∫
M
|∇R|2φ2e−f −
n− 3
(n− 1)(n− 2)
∫
M
Rik∇kR∇ifφφ
′e−f
≤
c
s2
∫
D(2s)\D(s)
|Ric|2|∇f |2e−f +
n− 3
3(n− 1)(n− 2)
∫
M
|∇R|2φ2(f)e−f
−
n− 3
2(n− 2)
∫
M
|∇Ric|2φ2(f)e−f , (8.42)
where we used Lemma 4.1 and Lemma 4.2 in the first inequality.
Applying div4W = 0 and |∇Ric| ≥ |∇R|
2
n
to (8.42), we obtain
0 ≤
c
s2
∫
D(2s)\D(s)
|Ric|2|∇f |2e−f −
(n− 3)2
6n(n− 1)(n− 2)
∫
M
|∇R|2φ2(f)e−f
(8.43)
It follows from Lemma 2.1, (2.12), (2.16) and Lemma 2.5 that
∫
M
|Ric|2|∇f |2e−f ≤
∫
M
|Ric|2e−αf < +∞
for some α ∈ (0, 1]. Therefore,
c
s2
∫
D(2s)\D(s)
|Ric|2|∇f |2e−f → 0
as s→ +∞.
By taking r → +∞ in (8.43), we obtain
∫
M
|∇R|2e−f = 0. It follows that
∇R = 0 a.e. . Note that any gradient shrinking Ricci soliton is analytic in
harmonic coordinates, we have ∇R = 0 on M , i.e., R is a constant on M .
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By taking r → +∞ in (8.43) and using div4W = 0 and |∇R| = 0, we
obtain
∫
M
|∇Ric|2e−f = 0. Since
∫
M
|∇Ric|2e−f < +∞, it follows (2.20)
that ∫
M
|divRm|2e−f =
∫
M
|∇Ric|2e−f = 0. (8.44)
Hence, |divRm| = 0 a.e. . Note that any gradient shrinking Ricci soliton
is analytic in harmonic coordinates, we have |divRm| = 0 on M .
It is clear divRm = 0 implies that Mn is radially flat.
SinceMn is radially flat and has constant scalar curvature, it follows from
Lemma 2.4 that (Mn, g) is rigid. 
From Theorem 7.1, Theorem 8.1 and Theorem 8.2, we have a classification
theorem of 4-dimensional gradient shrinking Ricci solitons with div4W = 0:
Theorem 8.3 Let (M4, g) be a 4-dimensional gradient shrinking Ricci soli-
ton with (1.1). If div4W = 0, then (M4, g) is either
(i) Einstein, or
(ii) a finite quotient of the Gaussian shrinking soliton R4, R2 × S2 or the
round cylinder R× S3.
Remark 8.2 It is clear from the proof that Theorems 8.1 to 8.3 hold for
div4W ≥ 0. Moreover, it follows from (8.39) that Theorem 8.1 to 8.3 still
hold if indices of div4W permutate.
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